Solution to Assignment 5, MMAT5520

by YU, Rongfeng

Exercise 6.2:
1(a). Soution: Solving the characteristic equation

‘A—l -2 ’_07

—2 A-1
AN —2)1-3=0,
A=—1,3.

We find that the eigenvalues of the coefficient matrix are A\; = —1 and Ay = 3 and the associated
eigenvectors are

1(c). Soution: Solving the characteristic equation

A—1 5
‘ 1A+l ’ =0
N r4=0,
A = £2i.
We find that the eigenvalues of the coefficient matrix are A\; = 2i and Ay = —2i and the associated

eigenvectors are

o= (12)-()+(2)

@_(1=2\_(1\_(2).
=) =(1)-(5):
respectively. Therefore

1) _ 1 (2 . _ cos 2t — 2sin 2t
T <1>6082t <O>s1n2t < cos 21

@) _ 2 1 . _ 2cos2t +sin 2t
T <0>c082t+<1>sm2t < sin 2t



are two linearly independent solutions and the general solution is

< 1 > . < cos 2t — 2sin 2t >+c < 2cos 2t + sin 2t > < (c1 4 2c2) cos2t + (ca — 2¢1) sin 2t )
= 1 2 = .

cos 2t sin 2t o €1 €08 2t + ¢o sin 2t

1(f). Soution: Solving the characteristic equation

A—4 -1 —1
-1 Ax—4 -1 |=0,
-1 -1 -4
(A=3)*(A—6) =0,
A =3,3,6.

For the repeated root Ay = Ay = 3, there are two linearly independent eigenvectors

For A3 = 6, the associated eigenvector is

1
5(3) -1
1
Therefore the general solution is
x1 1 1 1
T = | =1 | + cpe 0 +e5ef [ 1
T3 0 -1 1
2. Soution: Solving the characteristic equation
A—-9 =5 o,
6 A+2

AN —TA+12=0,
A =3,4.

We find that the eigenvalues of the coefficient matrix are Ay = 3 and Ao = 4 and the associated

eigenvectors are
m_( @_( !

respectively. Therefore the general solution is

1\ _ 3 O a1
()2 (1)

Since x1(0) = 1, 22(0) = 0, we have ¢; = —1, ¢ = 6. So

T _ Gett — Hedt
xo )\ —6ett +6e )



3(b). Soution: Solving the characteristic equation

A—1 1
‘ 5 A+1‘_Q
N 4+4=0,
A= +2i.
We find that the eigenvalues of the coefficient matrix are Ay = 2i and Ay = —2¢ and the associated

eigenvectors are

()= (1))

@ _ 1 _ (1Y _ 0 .
¢ < 14 2 > < 1 > ( —2 )"
respectively. Therefore

(1) _ 1 B 0 . _ cos 2t

v ( 1 )COS% < —2 )szt < cos 2t + 2sin 21
@) _ 0 1 . _ sin 2t

v < -2 >C082t+< 1 >Sm2t < —2.cos 2t + sin 2t

are two linearly independent solutions and the general solution is
X—c cos 2t te sin 2t
T\ cos 2t + 2sin 2t 2\ —2cos2t+sin2t )

3(d). Soution: Solving the characteristic equation

A—4 1 1
1 A—2 1 |=o0,
1 1 A=2

(A =2)(A=3)*=0,

A=2,3,3.
For A\ = 2, the associated eigenvector is
1
W=11
1

For the repeated root Ao = A3 = 3, there are two linearly independent eigenvectors

1 1
=11, =10
0 1
Therefore the general solution is
1 1 1
X = 61€2t 1 + CQ@St 1 + 0363t 0
1 0 1



Exercise 6.3:

1(a).Soution: Solving the characteristic equation, we have

‘A—l —2‘:0
2 A+3 ’
(A +1)2 =0,
A=-—1
A = —1 is a double root and the eigenspace associated with A = —1 is of dimension 1 and is
spanned by ( _11 ) Thus

f-o ()

1
is a solution. Next, we will find a generalized eigenvector of rank 2. Take n = ( 0 > , then

mZ(A+Dn=<i;>#0,

m = (A+1)’n=0.

Thus, 7 is a generalized eigenvector of rank 2. Hence

_ o 1+2t
ﬂmzet@+tm)=€t< —2t )

is another solution to the system. Therefore the general solution is

— 1 _ 142t
t t
X = (C1€ ( 1>+CQ€ < Ot )

1(c).Soution: Solving the characteristic equation, we have

‘A—3 1 ’:Q

-1 A-1

(A —2)2=0,
A=2.

A = 2 is a double root and the eigenspace associated with A = 2 is of dimension 1 and is spanned

by(i).Thus
1 _ 2t(1>
'V =e
1

is a solution. Next, we will find a generalized eigenvector of rank 2. Take n = ( (1) ) , then

m=a-2mn=( )20

4



no = (A—2I)*p=0.
Thus, n is a generalized eigenvector of rank 2. Hence

t
is another solution to the system. Therefore the general solution is

x:cleZt< 1>+62€2t< 1+t>.

.T(Q) _ 62t(n+tn1) — 2t < 1+1¢ >

t

1(d). Soution: Solving the characteristic equation, we have

A+3 0 4
1 A+1 1 =0,
-1 0 A—1
(A1) =0,
A=-—1.
Thus A has an eigenvalue A\ = —1 of multiplicity 3. we find that the associated eigenspace is
0
of dimension 1 and is spanned by | 1 |. We need to find a generalized eigenvector of rank 3.
0
1
Letn=1| 0 |, then
0
-2
m=A+Dn=| -1 | #0,
1
0
m=A+D?n=| 1 | #0,
0

13 = (A+1)’n=0.
Therefore, n is a generalized eigenvector of rank 3. Hence

0
s =e M2 = et 1
0
-2
2@ = et +tp) =t | 141
1
(3) _ —t t —t - 252
e =etnttmtgm)=e | —t+ 5
t
form a fundamental set of solutions to the system.



Therefore the general solution is

0 -2 1-2¢
x=ec¢"'|c 1 +c| 14+t | +ecs3 —t+§
0 1 t

1(f). Soution: Solving the characteristic equation, we have

A—1 0 0
2 A+2 3 |=0,
-2 -3 A-—4

()\ - 1)3 = Oa
A= 1
Thus A has an eigenvalue A = 1 of multiplicity 3. we find that the associated eigenspace is of
3 3

dimension 2 and is spanned by | —2 | and 0 . Thus
0 -2

3 3
M =et | —2 , 7 = ¢t 0
0 -2

are two independent solutions. Next, We need to find a generalized eigenvector of rank 2. Let
1

n=1|{ 0 ], then
0
0
m=A-I)n=1| -2 | #0,
2
7]22(A—I)27]:O.

Therefore, n is a generalized eigenvector of rank 2. Hence

1
B =et(n+tm)=e | -2t
2t
is another solution to the system.
Therefore the general solution is
3 3 1
x = crel —2 + coet 0 + c;;et —2t
0 -2 2t

Exercise 6.4:

1(b).Soution: Solving the characteristic equation, we have

‘A—5 4

—2 A+1‘:Q



N —4N+3=0,

A=1,3.
For \; = 1, the associated eigenvector is £ = ( 1 >
For Ao = 3, the associated eigenvector is £(2) = i
1 2 1 10
Let P = 11 , then we have D = P~*AP = 0 3 , and hence

1 2 et 0 1 2\ "
At Dt p—1 __
= Pe P _(1 1)(0 e3t>(1 1)
_ (€2 1 -2
o et 3t -1 1
2e3t — et 2el — 23t
= edt _ ot 2t — 3t :

1(d).Soution: Solving the characteristic equation, we have

A =2
2 A

For A\ = 2i, the associated eigenvector is £ = ( . )

1
i
For Ay = —2i, the associated eigenvector is £(2) = <

Let P = ( 1 i >, then we have D = P~1AP _022, ), and hence

O S0
(e ) (57

At — PeDtP— <
1
2
1 < 2t7,+e 11 _Z'€2ti_|_l'€—2ti )
T2

—200 2y 2t
_ cos2t  sin2t
-\ —sin2t cos2t )’
1(e).Soution: Solving the characteristic equation, we have

‘)\—3

0 A ‘:0’

=
A=0,0.



We see that A has only one eigenvalue A = 0, but the associated eigenspace is of dimension 1,

which is spanned by £ = ( 1

0 > Thus A is not diagonalizable. So we need to find a generalized

eigenvector of rank 2. Now we take n = < 0 ) , and let

1

3

ny = A?n=0.

We see that 7 is a generalized eigenvector of rank 2, we may let

o= =(3 1)

then

J:Q-lAQ=<8 é)

and hence

2

At

t

2
1(g) Soution: e = t
1

S O =
O = o+

2(c)Soution: Solving the characteristic equation, we have
A+1 2 2

~1 A—2 —1]|=0,
1 1A

A—=1)*\+1)=0,

A=1,1,-1.
1 1
For A\; = A\p = 1, the associated eigenvector is £V = 0 and €@ = [ -1
-1 0
2
For A3 = —1, the associated eigenvector is €2 = [ —1

1



2 1 1 -1 0 0
Let P=| -1 0 —1 |, then we have D = P~1AP = 0 1 0 ], and hence
1 -1 0 0 01
2 1 1 et 0 0 2 1 1\ '
et = peltp! = 1 0 -1 0 e 0 -1 0 -1
1 -1 0 0 0 € 1 -1 0
2¢7t el € -1 -1 -1
1 —t ¢
=3 —e 0 -—e -1 -1 1
et et 0 1 3 1
1 —2¢t 27t 2! —2e7t 4 2t
=3 et —el et — 3e! et —e¢l
—et+ e et +e et —el
Therefore the solution to the initial problem is
x = ex
-2t —2e7'+2¢" —2e7" 4 2¢ 3
1 —t ¢ —t ¢ —t _ Lt
=3 et —e e ' —3e e’ —e 0
—et+el —et4et  —et—¢ ~1
el +2e~t
= el —et
—2et +et
Exercise 6.5:
1(c)Soution: Solving the characteristic equation, we have
A=5 1 -1
-1 AX-=3 0 =0,
3 -2 -1
(A—3)* =0,
A=3.
We see that A has only one eigenvalue A = 3, but the associated eigenspace is of dimension 1,
0
which is spanned by ¢ = | 1 |. Thus A is not diagonalizable. So we need to find a generalized
1
1
eigenvector of rank 3. Now we take n= | 0 |, and let
0
2
m=(A-3n= 1
-3
0
2 =(A=3I)P°n=| 2
2
n3s = (A—3I)%p=0.



We see that 7 is a generalized eigenvector of rank 3, we may let

0 2 1
Q=m mn=2 1 0],
2 -3 0
then
310
J=Q'AQ=[( 0 3 1 |,
00 3
and hence
eAt _ QCJtQ_l
0 2 1 1t 2 0 1\
=12 1 0 ]-&| 0 1 ¢ 2 1 0
2 -3 0 00 1 2 -3 0
142t —t t
=S v 1t e

3t 2A-L 1-2+0

1(d)Soution: Solving the characteristic equation, we have

-1 XX—-4 0 =0,
-1 -3 -1
(A=1)*=0,
A=1
We see that A has only one eigenvalue A = 3, but the associated eigenspace is of dimension 2,
0 -3
which is spanned by €0 = [ 0 | and ¢® = 1 . Thus A is not diagonalizable. So we
1 1
1
need to find a generalized eigenvector of rank 2. Now we take n= [ 0 |, and let
0
-3
m=(A-1In= 1
1

= (A—-1I)*n=0.
We see that 7 is a generalized eigenvector of rank 3, we may let

0 -3
Q=W m g=(0 1
1 1

S O =

10



then

100
J=Q'AQ=[0 1 1 |,

00 1

and hence
eAt _ QeJtQ—l

0 -3 1 1 0 0
=0 1 o]0 1 ¢ 0
1 1 0 00 1

1-3t -9t 0
= el t 1+3t 0
t 3t 1

Exercise 6.6:
1(a).Soution: Solving the characteristic equation, we have

A-32 |

-2 A+2| 7

M _oX-2=0,
A=-1,2.

For \; = —1, the associated eigenvector is £€1) =

For Ay = 2, the associated eigenvector is £(2) = .

1
2
-1 0

0o 2 /)

Let P = ( L2 >,thenwehaveD:P_1AP:

2 1
Therefore a fundamental matrix for the system is

7N
e N N

w-re- (1)

et 26275
T\ 9t e2t :
1(c).Soution: Solving the characteristic equation, we have

A—2 )
-1 A+2

-e

N 4+1=0,
A = =i.

;42
For A\; = 1, the associated eigenvector is £V = ( 2'11' )

9
For Ay = —i, the associated eigenvector is £2) = ( 1 ! >

11

2t

_

)

OO =



v 0
0 —:

1+2 2—1
1 1

; -1
At popipet  [iF+2 2—i) (€ 0 i+2 2—i
e =benk _( 11 ><0 et 11

L (i+2)e" (2—d)e ™ 1 i-2
2 elt et —1 i+2
_ ( cost + 2sint —5sint )

Let P = < >, then we have D = P~1AP = ( >, and hence

sint cost — 2sint

which is a fundamental matrix for the system.

1(g).Soution: Solving the characteristic equation, we have

A—1 -1 -1
-2 A-1 1 =0,
8 5 A+3
A+1)A+2)(A—=2) =0,
A=-1,-2,2.
-3
For \; = —1, the associated eigenvector is £€1) = 4
2
—4
For Ay = —2, the associated eigenvector is £2) = 5
7
For A3 = 2, the associated eigenvector is £(2) = 1
-1
Let
-3 —4 0
Q= 4 5 1 ,
2 7 -1
then
-1 0 O
D=Q'4Q=| 0 -2 0 |,
0 0 2

Therefore a fundamental matrix for the system is

-3 —4 0 et 0 0
Ut)=QeP'=| 4 5 1 0 e 0
| 0 0 e

12



1(j)Soution: Solving the characteristic equation, we have

A—-3 -1 -3
-2 A—-2 -2 |=0,
1 0 A-1

(>\ - 2)3 = Oa
A=2.
We see that A has only one eigenvalue A\ = 2, but the associated eigenspace is of dimension
1
1, which is spanned by & = 2 . Thus A is not diagonalizable. So we need to find a
-1
1
generalized eigenvector of rank 3. Now we take n= | 1 |, and let
0
2
m = (A — 21 )?7 = 2
-1
1
no = (A —20)%n = 2
-1

03 = (A—2I)°n =0.

We see that 7 is a generalized eigenvector of rank 3, we may let

1 2 1
Q=[m mmn=| 2 2 1]/,
-1 -1 0
then
2 10
J=Q'AQ=[0 2 1 |,
00 2
Therefore a fundamental matrix for the system is
1 2 1 1t Y
Ut)=Qelt = 2 2 1 |-¥|[0 1 ¢
-1 -1 0 0 0 1
1 24t Y4241
=¥l 2 242 +2t4+1 |.
-1 —1-t -£-

2(c)Soution: Solving the characteristic equation, we have

A—=3 0 0
4 A=T7 4 =0,
2 -2 -1

13



(A=3)2(A=5) =0,

A=3,3,5.
1 1
For A1 = )\y = 3, the associated eigenvector is =11 and ¢£2) = 0
0 -1
0
For A3 = 5, the associated eigenvector is £€2) = | 2
1
1 1 0 3 00
LetP=| 1 0 2 |,thenwehave D=P'AP=| 0 3 0 |, and hence
0 -1 1 0 0 5
1 1 0 et 00 2 -1 2
eM=pePlp =1 0 2 0 e* 0 -1 1 =2
0 -1 1 0 0 ¢ -1 1 1
et e 0 2 -1 2
=| et 0 2 11 -2
0 et et -1 1 1
e3t 0 0
— 263t _ 2€5t _€3t + 2€5t 2€3t _ 2€5t
3t _ Bt g3t 4 o5t g3t _ 5t

Therefore the required fundamental matrix with initial condition is

(I)(t) = eAt(I)O
et 0 0 2 0 -1
= | 2e3 —2e7 —e3t £ 2e7 23 — 2e7! 0 -3 1
e3t _ eSt _eSt + eSt 26375 _ e5t -1 1 0
263t 0 _€3t
= 23t — 2% Bedt — et —3e3t 4 45t
—€5t 5€3t _ 46575 _2e3t + 265t

14



